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ABSTRACT

An integral equation approach to solving for the flux front profile in the critical
state model is described.  Both nonuniform external fields and demagnetizing
geometries can be accommodated as long as cylindrical symmetry is preserved.
Results for a sphere in a uniform external field and a tape in the field of an
external coil parallel to the tape surface are presented.

INTRODUCTION

A method for quantitatively determining the local low field critical current density, Jc(H=0), in a
noncontacting manner for spatial uniformity inspection is important in the fabrication of high Tc
superconducting tapes.  This can be accomplished by measuring the magnetic response of the
sample with small source/pickup probe coils that spatially scan over the tape surface [1]-[3].
Subsequently, the Bean critical state model [4] is used to determine Jc from the measured
magnetic hysteresis.  In this model the induced currents in the sample are either at the critical
value or zero, forming a critical state region bounded by a "flux front profile".  The response is
calculated by summing the fields produced by the currents within this flux front.  Jc can be
inferred from the local magnetization measurements.  However, demagnetization effects of the
tape/coil geometry are not readily accounted for within the normal extension of the Bean critical
state model.  This paper describes a method for predicting the flux front profile as a function of
the external field that takes into account the demagnetizing effects of the sample surfaces.  An
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integral equation technique is presented that is applicable to sample/probe geometries exhibiting
cylindrical symmetry.  The net magnetization signal detected by pickup coils is calculated and
compared with experimental measurements.

THEORETICAL APPROACH

Whenever a superconducting material is placed in an applied magnetic field, a region of
shielding current is induced.  According to the Bean critical state model, the induced current
begins at the material boundary next to the applied magnetic field and extends inward, satisfying

  ∇x
r 
B = µ0

r 
J c , where   

r 
B  is the magnetic induction vector and µ0 is the free-space permeability.

This leads to the net magnetic flux density in the material decreasing to zero at the flux front
boundary.  The region inside this boundary is free of magnetic field, shielded completely by the
induced screening currents.  This flux front surface inside a superconducting material can be
defined as the surface on which the total magnetic field is zero, which results in a vector
equation defining the boundary [6].  However, as is proven in [7], it can also be defined as a
surface of zero vector potential,   

r 
A , where   ∇x

r 
A =

r 
B .  The use of the vector potential simplifies

the calculations since only one component is needed for problems of azimuthal symmetry.  For
problems with this symmetry, the induced currents inside the material can be modeled as
coaxial loops, each carrying a current of constant value, Jc.  The vector potential of a single
current loop is well known.  Hence, the vector potential due to all of the induced currents is a
volumetric integral sum of the single loops.  The unknown quantities in this integral are the flux
front boundary, Ψ, which forms part of the integration limit, and the current density, Jc.  In
addition, the flux front boundary, Ψ, is a function of both space and the applied magnetic field.
To simplify the calculations, the external applied field is normalized by Jc and a characteristic
length.  With this normalizing scheme, the total vector potential, Atot, becomes a dimensionless
implicit function of Ψ(R,β), a normalized spatial variable, R, and the normalized applied field,
β.  Then the total vector potential is given by Atot = Aβ - AJc, where Aβ and AJc are the vector

potentials due to the external field, β, and the induced critical currents, Jc.  The minus sign
results from the shielding effect.  For a given β, the position of the flux front surface is
determined by finding spatial points where the total vector potential is zero.  This is a difficult
problem in general, but can be simplified by reduction to a single integral equation as follows.
In general β is a function of time.  This technique deals only with the quasi-stationary states of
the critical state.  The time scale for changes in the external field is typically very much longer
than that exhibited by flux line motion, so the model always assumes a sequence of stationary
states uniquely defined by the history and present value of the external field.  Changes in the
external field then produce a corresponding change in the flux line profile position, but at all
times the total vector potential on this profile is zero. Therefore, a requirement for determining
the flux penetration profile is that
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∂Atot(Ψ(R,β), R)

∂β
= F Ψ(R,β),

∂Ψ(R, β)

∂β
 
 
  

 
 = 0 .      (1)

Equation (1) is often a nonlinear integral equation. As suggested by the critical state model,
when the external field, β, is initially turned on, flux enters the superconducting material from
the surface.  Thus the initial profile, Ψ(R, β=0), is the material surface.  Substitution of the
known surface profile into (1) yields a linear integral equation of the first kind for the unknown
derivative of Ψ.  The algorithm analyzed by Gold [8] is used to resolve (1).  As the external
field is increased to β = ∆β, the new flux front profile is approximated by

Ψ(R,β = ∆β) = Ψ(R,β = 0) +
∂Ψ(R,β = 0)

∂β
⋅ ∆β .      (2)

This approximation is acceptable as long as the increment ∆β is sufficiently small.  With this
approximation the flux front profile at β = ∆β is known but its derivative is yet to be
determined. This is the same situation as at the beginning when β = 0.  The above procedure is
repeated and the new β value determined.  This methodology results in a progressive
incremental numerical scheme in β and an iterative procedure for resolving (1) for each β.
Once the flux front profile’s dependence on the external field for the zero-field cooled (ZFC)
case is known, then the response of the sample to a complete cycle of changes in the external
field can be readily calculated, knowing MZFC(β), as follows:

  
M±(β) = ±MZFC(βmax ) m 2MZFC(

βmax m β
2

)      (3)

where (+) means decreasing βmax > β > −βmax  and (-) increasing −βmax → β → +βmax  in the
external field.  Examples of this calculation for a spherical sample in a uniform external field
and an infinite plate in the field of an external single loop source coil are described below.

SPHERE IN A UNIFORM EXTERNAL FIELD

An example of a cylindrically symmetric application is that of a sphere in a uniform external
field.  Let the radius of the sphere be r0 and the flux front surface be described by ρ(z,β) where

the external field dependence is included in the normalization parameter β = Hz
ext /(r0Jc).  The

configuration is depicted in Fig. 1.  Also shown in this figure are two flux fronts trapped inside
the sphere as a result of extending the external field to a maximum value below the full
penetration value.  The total normalized vector potential at (r,z) is given below [7], where all
lengths are normalized to the sphere radius R = r/r0;  Z = z/r0; Ψ = r/r0; etc. and
µ0aφ(R,Z; ′ R , ′ Z ) is the vector potential at (R,Z) due to a single current loop at (R’,Z’)
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A φ(R, Z,β) =
βR

2
− d ′ Z d ′ R aφΨ ( ′ Z ,β)

1− ′ Z 2

∫−1

1
∫ (R, Z; ′ R , ′ Z )     (4)

A single integral equation describing the flux front surface for a sphere results

d ′ Z aφ−1

1
∫ (Ψ(Z,β),Z; Ψ( ′ Z ,β), ′ Z )

−∂Ψ( ′ Z ,β)

∂β
=

Ψ(Z,β)

2
.      (5)

The intial profile of the flux front is Ψ(Z, β=0) = 1 − Z2 .  All flux fronts for the ZFC case are
obtained by following the aforementioned incremental iteration procedure.  The full field
penetration value obtained yields a normalized external field β*=0.789.  A value of π/4 is found
analytically for a completely filled sphere.  The numerical and analytical values agree to within
0.5% [7] which is consistent with the expected accuracy of the calculation procedure used.  The
subsequent magnetization hysteresis curve, M(β),  for the sphere due to a complete cycle of
change in the external field can be obtained through equation (3).  The results are given in Fig. 2,
normalized by the full penetration magnetization M* = 3pr0Jc/32.

TAPE GEOMETRY
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Fig. 2. Magnetization hysteresis of the sphere for
various limiting fields.
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Fig. 1. Flux front profiles for a sphere.
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A single circular coil above a superconducting infinite plate of thickness D is shown in Fig. 3.
All geometrical lengths are normalized by the coil radius, rc. The driving coil is placed at (1,Zc).

The normalized external field is β = I/ Jc rc2, where I is the current in the driving coil.  The flux

front profiles for the ZFC case are also shown in Fig. 3.  At β = 0, Ψ = 0 coincides with the plate
top surface.  As β is increased to the next value, Ψ shows a profile that penetrates deepest
directly under the driving coil.  This deepest value of Ψ reaches the plate bottom edge at β* =

0.365, for D = -0.2.  Beyond this
value, the flux front is broken up
into two sections: an inner
section, Ψ1, which approaches
R=0, and an outer section, Ψ2,
which approaches  R=∞  as β
increases.  The intersections
between Ψ1, Ψ2  and the bottom
surface, Z = D, are denoted as R1
and R2, respectively.  Before the
bifurcation of the flux front
surface, the total vector potential

amplitude (normalized by  µ0Jcrc
2  ) is

A tot (R,Z) = βaφ(R, Z;1, Zc ) − d ′ R 
0

∞
∫ dZ’

Ψ(R’,β)

0
∫ aφ(R,Z; ′ R , ′ Z )       (6)

where µ0aφ(R,Z; ′ R , ′ Z ) is the vector potential at (R,Z) due to a unit current loop at (R’,Z’).  A

single integral equation results for the flux front surface

0

∞
∫ dR’ aφ (R,Ψ(R,β);R’,Ψ(R’,β))

−∂Ψ(R’,β)

∂β
= aφ(R, Ψ(R,β);1,Ζc ).       (7)

The initial profile of the flux front is Ψ(R,β=0) = 0.  As β is increased beyond β*, the flux front
surface Ψ will become two separate surfaces, Ψ1 and Ψ2.  The total vector potential becomes

A tot (R,Z) = βaφ(R,Z;1, Zc) − d ′ R 
0

R1(β)
∫ d ′ Z 

Ψ1( ′ R ,β)

0
∫ aφ(R,Z; ′ R , ′ Z )

− d ′ R 
R1(β)

R2 (β)
∫ d ′ Z 

D

0
∫ aφ (R,Z; ′ R , ′ Z ) − d ′ R 

R2 (β)

∞
∫ d ′ Z 

Ψ2 ( ′ R ,β)

0
∫ aφ(R, Z; ′ R , ′ Z )

.  (8)

With Ψ1
′  and Ψ2

′  denoted as Ψ1(R’,β) and Ψ2(R’,β), two coupled equations result [9]

0 0.5 1 1.5 2 2.5
−0.5

0

0.5

R

Z

drive coil

superconducting plate

flux front boundaries

Fig. 3. Geometry for flux penetration in a plate for ZFC
case with β = 0.1, 0.365 and 0.865.
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dR’
0

R1(β)
∫ aφ(R,Ψ1; ′ R , ′ Ψ 1) ⋅

−∂ ′ Ψ 1
∂β

+ dR’
R2 (β)

∞
∫ aφ(R, Ψ1; ′ R , ′ Ψ 2) ⋅

−∂ ′ Ψ 2
∂β

= aφ(R,Ψ1;1,Zc )     (9a)

dR’
0

R1(β)
∫ aφ(R,Ψ2; ′ R , ′ Ψ 1) ⋅

−∂ ′ Ψ 1
∂β

+ dR’
R2 (β)

∞
∫ aφ (R,Ψ2; ′ R , ′ Ψ 2 ) ⋅

−∂ ′ Ψ 2
∂β

= aφ (R,Ψ2;1,Zc ).  (9b)

These two equations couple both flux fronts together.  In the first equation, the observation
points are on Ψ1, while in the second equation the observation points are on Ψ2. These two
equations, expressed in matrix format, are

K11 K12

K21 K22

 
  

 
  

f1
f2

 
 
  

 
=

a1

a2

 
 
  

 
where K12f2 = d ′ R 

R2 (β)

∞
∫ aφ(R,Ψ1; ′ R , ′ Ψ 2 ) ⋅

−∂ ′ Ψ 
∂β

, etc.
     (10)

The incremental and iterative procedures
were employed to resolve the two
separate flux fronts simultaneously.  Two
simulated measurement examples are
shown in Figs. 4a,b, for rc = 0.5 mm, Zc =
0.4, D = -0.2.  In Fig. 4a, the vector
potential amplitude, AJc, at the driving
coil position (1,0.4) is given, as found
above the sample with a top balanced
coil.  In Fig. 4b, the total vector potential
amplitude, Atot, is given at (1,-0.6),  as
found beneath the sample with a single
unbalanced coil.  The vertical dashed line
signifies the value β* where the flux front
fully penetrates to the plate.

EXPERIMENTAL MEASUREMENTS

The measurement geometry was that of a single layer superconductor plate deposited between
two outside silver layers.  Tape samples of Pb-BiSrCaCuO (2223 phase) produced by the
powder-in-tube method [3],[5] were measured with a small probe source coil (13 turns of #36
copper wire, 1 mm inside diameter).  Balanced opposing pickup coils (5 turns each of #36) were
wound over the source coil, producing a small source/pickup probe that could be scanned over
the sample surface in a liquid nitrogen bath.  An additional pickup coil (5 turns #36 copper wire
on 1 mm diameter) was positioned below the tape sample.  Lift-off distances for both top and
bottom coils were about 0.7 mm.
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Fig. 4: AJc for a coil above the plate (a) and Atot, for
a coil beneath the plate (b).
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Fig. 5 shows the measured results from
the bottom coil at one position on the
tape for three different temperatures.
These results, which are qualitatively
similar to the theoretical results of Fig.
4b, represent the magnetization due only
to the induced screening currents within
the flux front. The shielding effect is
clearly visible and, by extrapolation, a
unique point corresponding to full plate
penetration can be estimated.  The local
critical current density can then be
determined from the corresponding value
of β.

Tapes produced by the “powder in tube”
method exhibit thickness variations as
well as inhomogeneity in the
superconducting layer.  Nevertheless, the
above approach can be used to provide a
measure of uniformity and local critical
current density.  Figure 6 shows typical
results for a scan of the small probe along
a tape [5], produced by the powder in
tube method.  Significant variations are
observed due to local microstructural
inhomogeneities.  Detailed information
like that shown in figure 6 is helpful in
locating problems associated with
intergrain connections and thickness or
porosity defects.

CONCLUSION

A method has been outlined for calculating the flux front profile for a superconducting sample
in either a uniform or nonuniform applied magnetic field possessing cylindrical symmetry.  This
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technique extends the Bean critical state model by fully accounting for demagnetizing effects.
The method relies upon finding the flux front penetration profile found by resolving a linear
integral equation of the first kind.  Measurement-induced voltages and the entire hysteresis loop
response can be found by extension of the ZFC magnetization response with a changing external
field.  Other measured quantities relating to the critical state can be calculated directly from the
hysteresis loop if the time dependence of the external field is known.
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